PRESERVATION OF PRODUCT STRUCTURES UNDER THE
RICCI FLOW WITH INSTANTANEOUS CURVATURE BOUNDS

MARY COOK

ABSTRACT. In this note, we prove that there exists a constant ¢ > 0, depending
only on the dimension, such that if a complete solution to the Ricci flow splits
as a product at time ¢t = 0 and has curvature bounded by %, then the solution
splits for all time.

1. INTRODUCTION

In this note, we consider the problem of whether a solution to the Ricci flow

(1.1) —2Rc

o’ =
which splits as a product at ¢ = 0 continues to do so for all time.

This problem is closely related, but not strictly equivalent, to the question of
uniqueness of solutions to (1.1). For example, when (M x M, §o @ go), Shi’s exis-
tence theorem [12] implies that there exist complete, bounded curvature solutions
(M, §(t)) and (M, §(t)) with initial conditions go and go, respectively, which exist
on some common time interval [0,7]. Then, §(t) @ g(t) solves (1.1) on M x M
for t € [0, 7] and is also complete and of bounded curvature. But, according to
the uniqueness results of Hamilton [5] and Chen-Zhu [2], such a solution is unique
among those which are complete and have bounded curvature. Thus, any solution
in that class starting at go @ go continues to split as a product.

Outside of this class, less is known. While there are elementary examples which
show that without completeness, a solution may instantaneously cease to be a
product, the extent to which the uniform curvature bound can be relaxed is less
well-understood. (One exception is in dimension two, where the work of Giesen
and Topping [3, 4] has established an essentially complete theory of existence and
uniqueness for (1.1). In particular, in [14], Topping shows that any two complete
solutions with the same initial data must agree.)

One class of particular interest is that of solutions satisfying a curvature bound
of the form ¢/t for some constant ¢, which arise naturally as limits of exhaustions
(see, e.g., [1], [6], [13]). The purpose of this note is to prove the following.

Theorem 1.1. Let (M, §o) and (M, §o) be two Riemannian manifolds and let M =
M x M and go = §o ® Jo. Then there exists a constant ¢ = e(n) > 0, where
n = dim(M), such that if g(t) is a complete solution to (1.1) on M x [0,T] with
g(0) = go satisfying
(1.2) [Rm| < <,
then g(t) splits as a product for allt € [0,T], i.e., g(t) = g(t) ® g(t), where §(t) and
g(t) are solutions to (1.1) on M and M, respectively, fort € [0,T].
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Lee [8] has already established the uniqueness of complete solutions satisfying
the bound (1.2). However, his result does not directly imply Theorem 1.1: without
any restrictions on the curvatures of gy and g, we lack the short-time existence
theory to guarantee that there are any solutions on M and M, respectively, with
the given initial data, let alone solutions satisfying a bound of the form (1.2) for
sufficiently small e. Thus we are unable to construct a competing product solution
on M x M to which we might apply Lee’s theorem.

Instead, we frame the problem as one of uniqueness for a related system, using a
perspective similar to that of [9] and [11]. The key ingredient is a maximum prin-
ciple closely based on one due to Huang-Tam [7] and modified by Liu-Székelyhidi
[9]. These references establish, among other things, related results concerning the
preservation of Kéhler structures.

2. TRACKING THE PRODUCT STRUCTURE

Our first step toward proving Theorem 1 is to construct a system associated to a
solution to Ricci flow which measures the degree to which a solution which initially
splits as a product fails to remain a product. Consider a Riemannian product
(M, go) = (M x M,§o @ go), and let g(t) be a smooth solution to the Ricci flow
on M x [0,T] with g(0) = gg. For the time being, we make no assumptions on the
completeness of g(t) or bounds on its curvature.

2.1. Extending the projections. Let 7 : M — M and # : M — M be the
projections on each factor, and let H = ker(d#) and H = ker(dfr) We define
PQ, Py e End(TM) to be the orthogonal projections onto H and H determined by

Yo-
Following [11], we extend each of them to a time-dependent family of projections
for ¢ € [0,T] by solving the fiber-wise ODEs

2.1) d,P(t) =Rco P — PoRc OiP(t) =Rco P — PoRc
' P(0) =Py ’ P(0) = PO

From P and P, we construct time-dependent endomorphisms P, P € End(A2T*M)
by

Pw(X,Y) = w(PX,PY) +w(PX, PY),

Pw(X,Y) = w(PX,PY) +w(PX,PY).
Let Rm : A2T*M — A?T*M be the curvature operator, and define the following:

R =Rmo?P, R =Rmo?P,
S = (VRm) o (Id x P), T =(VVRm) o (Id x Id x P).

In order to study the evolution of R, it will be convenient to introduce an oper-
ator Af which acts algebraically on tensors via

a AJ1---Jk _ sa AJ1---Jk @ AG1---Jk G1 Ak in A
Ap A3 =03 A o ORAT TR ST AT T — o — G Al

bio...1; 11...9 "
We will also consider the operator
Dy == 9y + Rapgt°A°.
This operator has the property that D;g = 0, and for any time-dependent tensor

fields A and B,
Dt<A3B> = <DtAvB> + <A3DtB>a
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where (-, -) is the metric induced by g(¢). Note that by construction the projections
satisfy

DtP = 0, DtP = 07 D{P = 0, DtP =0.

2.2. Evolution equations. In order to determine how the components of X and
Y evolve, we will make use of the following commutation formulas (see [11], Lemma
4.3):

(22) [Dtv va] = VpRpachZ + Racvca

(2.3) [Dt — A, Va] = 2RapacAgVe + 2R V.

Additionally, we will need to examine the sharp operator on endomorphisms of
two forms. For any A, B € End(A?T*M),

(ARB(), ) = 3 S {[Alwa), Blus)] @) - ([warws], 0,
a,f3

where ¢, € A’T*M and {w,} is an orthonormal basis for A>T*M. Recall that
the curvature operator evolves according to

(Dy — A)Rm = Q(Rm, Rm),

under the Ricci flow, where Q(A, B) = $(AB + BA) + A#B.

Proposition 2.1. We have the following evolution equations for the projection P:
D:VP =Bm* VP +P xS,

D:V?P =Rm * V*P + VRm * VP + P« T + VRm * P x VP.

In particular, there exists a constant C = C(n) such that

|D:VP| < C(Rm||[VP| +S]),

|D¢V*P| < C(|Rm||V*P| + |[VRm||VP| + | T]).

Proof. Using equation (2.2) and the fact that D;P = 0, we can see that D;VP =
[Dy, V]P. With some additional computation, we can then see (as in Propositions
4.5 and 4.6 from [11]) that

(2.4)

D;:VP=Rmx*VP+PxS.

Similarly, using this equation together with (2.2) and the fact that VS = T +
VRm x VP, we have

D;V?*P = [D;, V|VP + V(D;VP)
=Rm* V*P + VRm * VP + P+ T + VRm * P % VP,

as claimed. O

In order compute similar evolution equations for R, S, and 7, we will need the
following lemma.

Lemma 2.2. Let A,B € End(A?T*M) be self-adjoint operators. There exists
C = C(n) > 0 such that

|Q(A,B)oP| < C(|AoP||B|+ |A||BoP|).
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Proof. Clearly,
[[Ao B+ BoA)oP|<|AoP|B|+|A||BoP|.
Furthermore, for n € A2T*M,

((A%B) o P) () = 5 S_{[Awia, B, Pr) - [, 5]
a,f

1
- 5 qu 0 Awg, P o BWB]7P77> : [wa,Wﬁ]
a,p

1 _
+ =3 ([P o Awa, P o Bwgl, Pn) - [wa, wg]
2 7

1 _
+ 3 ;([7’ 0 Awg, P o Bwg|, Pn) - [wa, wg]

1 _ _
+ § Z[;qp © AWOMP © Bw3]77)77> : [wavwﬁ]’

where {w,} is an orthonormal basis for A2T*M. The final term on the right hand
side is zero (see [11], Lemma 3.5); the point is that the image of P is closed under
the bracket and is perpendicular to the image of P. Moreover, Po A = (Ao P)*
and P o B = (B o P)*, so it follows that

(A#B) 0P| < C(|AoP|BoP|+|AcP|BoP|+|AoP|BoP)
< C(|AoP||B| +|Al|BoP|),
completing the proof. O
Proposition 2.3. As defined above, R, S, and T satisfy the inequalities

|(Dy = A)R| < C(IRm||R| + [VRm|[VP| + [Rm|[V*P]),
(2.5) |(D; — A)S| < C(|VRm||R| + [Rm||S| + [V*Rm||VP| + |[VRm||V*P]),
|(Dy = A)T| < C(IV*Rm||R| + |[VRm||S| + [Rm]|T|
+ (|[VRm|[Rm| + |V3Rm|)|VP| + |[V2R||V?P)),

where C' = C(n) > 0.
Proof. Using the evolution equation for Rm, we have
(Dt — A)R = Q(Rm,Rm) o P + Rm o AP + 2VRm * VP.

The first inequality then follows immediately from Lemma 2.2.
We now compute the evolution equation for §. First, note that

(Dy = A)S = ([Dy — A, VIRm) o P + V((D; — A)Rm) o P
+ V’Rm * VP + VRm x V*P.
For the first term, using the commutator (2.3), we have
[(Dy — A), Va]Rijri = 2Rapac AgVio Rijii + 2Rap Vo Rijki.-
As in the computation in Proposition 4.13 from [11], we have

RabacAGV o Rimnki Pijmn = Rm % S + VRm « R * P,

(2.6)
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which gives us
(2.7) ([Dt — A, VIRm)oP =Rm*S + VRm * R x P.

We then compute
V((Dy — A)Rm) = VO(Rm, Rm)
= VRm o Rm + Rm o VRm + VRm#Rm + Rm#VRm
= 29(VRm, Rm),
where we regard VRm as a one form with values in Sym(A?7*M). Then, applying
Lemma 2.2 and combining the result in (2.7) with (2.6), we obtain the second
inequality.
For the third inequality, we begin with the identity

(D; — A)T = ((D; — A)V?Rm) o P + V2Rm * V*P + V*Rm * VP.
The first term can be rewritten as
((Dy — A)V?*Rm) o P = ([D; — A, V]VRm) o P + (V[D; — A, V]Rm) o P
+(VV(D; — A)Rm) o P.
Applying equation (2.3) once again gives us
((Dy — A)V,VRm)oP— (Vo (Dt — A)VRm)oP = (2Rapac AGVyVRmM + 2R,V VRm)oP,
and we have
RapacA5VeVRmM o P = Rm * T + V2Rm # R * P
(again see [11], Proposition 4.13, also [9]). We can see that
(VIDy — A, V]Rm) o P = V(([D; — A, VIRm) o P) + ([D; — A, VIRm) * VP
= VRm * S +Rm * 7 + Rm * VRm * VP + V?Rm * R * P + VRm * S * P
+ VRm*Rm* VP *P + VRm * R * VP + Rm * VRm * VP

where we again use the facts that VR = S+ Rm*« VP and VS =T + VRm *= VP.
Additionally,

(VV(D; — A)Rm) o P = 2Q(V?*Rm, Rm) o P + 2Q(VRm, VRm) o P.

Combining the above identities and again applying Lemma 2.2 to the last term, we
obtain the third inequality. (I

2.3. Constructing a PDE-ODE system. With an eye toward Theorem 1, we
now organize the tensors VP, V2P, R, S, and T into groupings which satisfies a
closed system of differential inequalities. Let

X=THT*M)o T(T*M) o THT*M), Y=TT*M)a®T(T*M),
and define families of sections X = X(¢) of X and Y =Y (¢) of Y for ¢ € (0,T] by
_(R S _ (VP &
(2.8) X_<t’t1/2’T>’ Y—(\/Z,VP).

Proposition 2.4. If g(t) is a smooth solution to Ricci flow on M x [0,T] with
[Rm|(x,t) < a/t for some a > 0, then there exists a constant C = C(a,n) > 0
depending such that X and Y satisfy

1 1 1
(D= X <€ (X114 I¥1) DY < (1X1+ 51v1).



6 MARY COOK

on M x (0,T].

Remark 2.5. Inspection of the proof reveals that the constant C' in fact has the
form C = aC, where C depends only on n and max{a,1}.

This follows directly from Propositions 2.1 and 2.3 with the help of the following
curvature bounds, which can be obtained from the classical estimates of Shi [12]
with a simple rescaling argument.

Proposition 2.6. Suppose (M, g(t)) is a complete solution to Ricci flow for t €
[0,T] which satisfies

[Rm|(z, 1) <

a
t

for some constant a > 0. Then for each m > 0, there exists a constant C = C(m,n)

such that
aC

|v(m)Rm|(3§7 t) < W(

14 a™?).

Proof of Proposition 2.4. Throughout this proof, C' will denote a constant which
may changes from line to line but depends only on n and a. Using (2.4) in combi-
nation with the curvature estimates, we obtain

|D,Y| < %t_3/2|V73| +t7 Y2 D,VP| + |D:V*P|
< Ct™YV2|S| + C|T| + Ct=32|VP| + Ct~ V3P
< C)IX|+ %|Y|
Applying the curvature estimates to the inequalities (2.5) for R, S, and T, we

get
|(Dy — A)YR| < Ct7YR| + Ct=3/2|VP| + Ct V2P|,

(D, — A)S| < Ct732|R| + Ct~YS| + Ct2|VP| + Ct—3/2|V?P|,
and
(D — A)T| < Ct72|R| + Ct=3/2|S| + Ct~YHT| + Ct=>/2|VP| + 2| V?P|.

Combining these equations, we have

(Ds — A)X| < (s — AYR| + £ R| +t72|(Dy — A)S| + %t‘3/2|8|
+[(Dy — AT
< Ct 2R| + Ct~3/2S| + Ct~Y|T| + Ct°/2|VP| + Ct 2| V?P|
< Ot HX| + Ct2Y],
as desired. O

3. A GENERAL UNIQUENESS THEOREM FOR PDE-ODE SYSTEMS

We now aim to show that X and Y vanish using a maximum principle from [7]
by adapting it to apply to a general PDE-ODE system. The following theorem is
essentially a reformulation of Lemma 2.3 in [7] and Lemma 2.1 in [9].
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Theorem 3.1. Let M = M™ and X and Y be finite direct sums of T}(M). There
exists an € = €(n) > 0 with the following property: Whenever g(t) is a smooth,
complete solution to the Ricci flow on M satisfying

Rm| < <
t

on M x (0,7, and X = X(t) and Y = Y (t) are families of smooth sections of X
and Y satisfying

C C c
Dy = A)X| < ZIX|+ Y| [DiY] < CIX| + ZIY]

DYY =0, DFX =0 fork>0att=0,
and
X| < cCt,
for some C > 0,1>0, then X=0and Y =0 on M x [0,7T].

The key ingredient in the proof of Theorem 3.1 is an the following scalar maxi-
mum principle due to Huang-Tam [7] (and its variant in [9]). Though the statement
has been slightly changed from its appearance in [7], the proof is nearly identical.
We detail here the modifications we make for completeness.

Proposition 3.2 (c.f. [7], Lemma 2.3 and [9], Lemma 2.1). Let M be a smooth
n-dimensional manifold. There exists an ¢ = €(n) > 0 such that the following holds:
Whenever g(t) is a smooth complete solution to the Ricci flow on M x [0,T] such
that the curvature satisfies |Rm| < e/t for some and f > 0 is a smooth function on
M x [0,T)] satisfying

(1) (at - A) f(I, t) S atil maXOgsgt f(xa S);

(2) atk|t:0f =0 for allk >0,

(3) supgear f(z,t) < Ct=! for some positive integer 1 for some constant C,
then f =0 on M x [0,T].

Proof. For the time-being, we will assume € > 0 is fixed and that g(¢) is a smooth,
complete solution to Ricci flow on M x [0, 7] satisfying |Rm| < €/t. We will then
specify € over the course of the proof.
As in [7] we may assume T < 1. We will first show that for any k > a, there
exists a constant By such that
sup f(x,t) < Byt
xeM
Let ¢ be a cutoff function as in [7], i.e., choose ¢ € C°°(]0,00)) such that
0<¢p<1and

1 0<s<1
= T —Cy< ¢ <O, " < Co,
P(s) {0 2< s, 0<¢ < 19" < Co

for some constant Cy > 0. Then let ® = ¢™ for m > 2 to be chosen later and
define g =1— % Then
0>d" >—-C(m)®?, [2"|<C(m)d.

where C'(m) > 0 is a constant depending only on m (and on Cp).
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Fix a point y € M. As in Lemma 2.2 of [7], there exists some p € C°°(M) such
that
dg(T)(xa y) +1< p(l‘) < Cd(dg(T) (mvy) + 1)7 |Vg(T)p|g(T) + |V§(T)p‘g(T) < Cl7
where C” is a positive constant depending only on n and &. This function then
also satisfies
IVp| < Cit™,  |Ap| < Cot™/27%,
where C7, C5 are constants depending only on n,T and €, and ¢ > 0 depends only
on the dimension n. We may assume ¢ is small enough so that ce < 1/4. Let
U(z) = U,.(2) = ®(p(x)/r) for r > 1. Define also § = exp(—at'~#), where a > 0
and 0 < 8 < 1. By the estimates on the derivatives of p, we have
[VU| =17 H@ (p/r)|IVp| < 77 C(m)C1%(p/r)t~ < C(m) Wit~/
and
[AY| = [r 720" (p/r)|Vp|? + 719 (p/1) Ap|
< r720(m)® (p/r)t2 + 71O (m) @ (p)t /2
< C(m)wit=3/4,
For k > a, let F =t~%f. Then F satisfies
(0r— A)VF = —kt "1 f 44770, — A) f
< _pp—k—1 —k-1
< kTR (e t) +atT T max f(2 )

and F < Ct~1=F,

Let H = OV F and suppose that H attains a positive maximum at the point
(x0,to). Then, at this point, we have ¥ > 0 and both (9; — A)H > 0 and VH = 0.
Since VH = 0, we have

FIVY|?

VU .VF = — rra

Additionally, since ¥ is independent of time,
0(s)F(xo,5) < 0(tg)F(xo,to)
for all s < ty. Because 6 is decreasing, we have
57K f(x0,5) = F(x0,8) < F(xo,t0) = tg " f (0, o)
for s < tg. which in turn implies

omax f(z,s) = f(z,t0).

Thus, at (xg,tp) we have
(0 — A)F < (—k +a)ty ' F <0.
Thus at (zg,ty) we have
AH =60FAVY + 0VAF 4+ 20VF - V¥

2
=0FAV 4+ 0UAF — 29F|Z/\I/|

> —C(m)OF V> — C(m)oF U2 1%/* 4 9UAF

and
OH = —a(l — B)ty 0V F + 00O, F.
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We can then compute
0<(0—AH
< OU(8, — A)F — a(1 — Bty P0UF + C(m)§U Fty** + C(m)ow>— 1 Fe */*
< —a(l = B)tgPOUF + C(m)o(TF)1ty /4=
+ C’(m)&(\IlF)zq’1t0_3/4_(2_2qxl+k).
We now choose m and 3 so that the powers of ¢y in the denominators of the last
two terms are less than 8. We take 5 to be 7/8 (any 8 € (3/4, 1) will do). Recalling

that ¢ = 1 —2/m, we choose m large enough so that 7/8 > 3/4+ (1 —¢)(I+ k) and
7/8 >3/44 (2 —2¢)(l + k). Then
%w = a(l = B)UF < C(m) (WF)7 + (WF)*1)
Finally, we choose « large enough so that o > 16C(m). Then
2UF < (UF)1 4 (WF)%—2

implying that (VF)(zg,t0) < 1, and hence H < 1 everywhere. In particular, for
any z € {p < 7}, f(x,t) = tFF(z,t) < e*t* := Bytk. Sending r to infinity then
proves that f(z,t) < BytF.

Next, again as in [7], we define the function n(x,t) = p(z)exp (%tl_b) for
b > 1. Since |Ap| < Cat~?, we have

(8t—A)77>O, 8t77>0

Let F = t=*f. Fix § > 0 and consider the function F' — én — dt. Note that
by our previous argument, F < Ct2, and in particular is bounded. For some
t; > 0 depending on d and ¢, FF — 0t < 0 for t < t; and for t > t;, F'—6én < 0
outside some compact set. So, if F'— dn — dt is ever positive, there must exist some
(xo,t0) € M x (0,T] at which it attains a positive maximum. Because —on — 0t is
decreasing in time, for any s < to from the inequality

F(xo,s) — dn(zg, s) — s < F(xo,t0) — dn(xo, to) — dto,
we conclude
F(LU()7 S) S F(Cbo,to).

As in our previous argument, this implies that f(xo,to) = maxo<s<s, f(z0,5), so
that at (zo,to)

(8, — A)(F — 61— 6t) < 0,

a contradiction. Thus, for any § > 0, F' — dn — 6t < 0. Taking 6 — 0 then implies
that F' = 0. ([l

We can now prove Theorem 3.1.

Proof of Theorem 3.1. For k > 0 to be determined later, define the functions F
and G on M x [0,T] by F =t*|X|?, G =t~ *+D|Y|? for t € (0,T] and F(z,0) =
G(z,0) = 0. From the assumption that D!X = DY = 0 for all [ > 0, it follows
that both F and G are smooth on M x [0,7] and that O.F = 0!G = 0 for all [ > 0.



10 MARY COOK

We have
(8, — AVF = —kt=*+D X2 4 27 % (D, — A)X, X) — 2t F|VX|?
< —kt=® X2 42tk (Dy — A)X|X]|
<t~k (20 — k)|X|? 4 20t D XY |
<t Y(3C - k)F + Ct2G
and

0,G = —(k+ D)t~y 2 4 20~ +(D, YY)
< (20 — k — 1)t~ kDY 12 4 20t~ D XY
<CF+t7'(30 -k —1)G.

Choosing k > 3C, this becomes
(0, — A)VF < t720G, 0,G < CF.
In particular this implies that
<
G(z,t) < Ct ax, F(x,s),

and therefore

(0 — A)F <t7'C? max F(x,s).

0<s<t

By our assumption on X, F' < Ct~2~%, Thus F satisfies the hypotheses of Propo-
sition 3.2, and must vanish identically. We then conclude that G, hence Y, vanishes

as well.

4. PROOF OF THEOREM 1.1

We are now almost ready to prove Theorem 1.1. We just need to first verify that
X and Y satisfy the last major remaining hypothesis of Theorem 3.1, that is, that

all time derivatives of X and Y vanish at ¢ = 0.

4.1. Vanishing of time derivatives. We begin by recording a standard commu-
tator formula, which is in fact valid (with obvious modifications) for any family of

smooth metrics.

Proposition 4.1. Let (M,g(t)) be a smooth solution to the Ricci flow for t €

[0,T].Then, for any l > 1, the formula

1
(4.1) [D;, VA=Y " v+ DD, v]Vi=h 4
k=1

is valid for any smooth family of tensor fields A on M x [0,T].
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Proof. We proceed by induction on [. The base case, [ = 1, is trivial. Now, suppose
that (4.1) holds for I < m for some m > 1. Then,

[D;, VDA = D,V A — v+ D, A
=[D;, V™I|VA+ V™D, VA - V™D, A
= [D;, VI VA+ V™D, V] A

=> V¥ D, VIV(VA) + VD, V]A
k=1

m+1
=Y V&, Vv,
k=1

as desired. g
Now we argue inductively that DFX =0 and DFY =0 at t = 0.

Proposition 4.2. Let M = M x M be a smooth manifold and g(t) be a smooth,
complete solution to the Ricci flow such that g(0) splits as a product. Define P and
R as in Section 2. The following equations hold at t =0 for all k,1 > 0:

DFVOR =0, DFVUHDP =0,

Proof. We proceed by induction on k, beginning with the basq case k = (0. Because
the metric splits as a product initially, at ¢t = 0 we have VWP = VW P = 0 for all
[ >0 and
From this we get that, for any X, Y, Z, W € TM,
R(X* ANY*)(Z,W) = 2R(PX, PY,W, Z) + 2R(PX, PY,W, Z) = 0.
Combining these facts, we conclude
vitHp =0, vOR=0, VOR* =0,
at t = 0, where R* = P o Rm denotes the adjoint of R with respect to g.
Now starting the induction step, suppose that for some k& > 0, for all [ > 0 and
any m < k,
prvHp =0, DrvOR =0,
hence also D"V R* = 0. Recall that
(D; — A)Rm = Q(Rm, Rm).
As in [11], Lemma 4.9, Q(Rm,Rm) o P = R « U + R* * Us, where U; and Uy are
smooth families of tensors on M. Thus we can compute
DtR = (DtRm) oP+Rmo (Dtp)
= (ARm)o P + Q(Rm,Rm) o P,
and thus
(4.2) DFF'R = DF ((ARm) o P) + DF (Q(Rm,Rm) o P) .

Because
AR = (ARm) o P +Rmo AP 4 2V,;Rm o V,P,
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by the induction hypothesis D¥((ARm) o P) =0 at ¢ = 0. Similarly,
Df(Q(Rm,Rm) o P) = DF(R xU) + D (R* % Us) = 0.

We conclude that DFY'R = 0, and thus Df 'R* = 0.
Now, using the commutator from equation (2.2) and Proposition 4.1, for any
I > 0 we have

l
DVIR =" v YD, vivi-R + v DR

m=1

l
= > VO (VR « VOT"R 4 R« VT IR) 4 VODR,

m=1

and thus

l
DFIVOR = 37 Dy (VRm + VI=™R | Rm v“-m“)R) +DEvO DR

m=1

Expanding using the product rule and applying the induction hypothesis, all terms
in the first sum vanish at ¢ = 0. For the remaining term, we again use the evolution
equation for R. We have

DFYUD,R = DFV® ((ARm) o P + Q(Rm, Rm) o P)..

As before, rewriting Q(Rm, Rm) o P in terms of R and R* and expanding using
the product rule, it follows that DFVD,R =0 at t = 0.
We now move on to the derivatives of P. Recall that

D;VP =[Dy,VIP=Rm« VP + P« S.
Applying this in combination with Proposition 4.1, we get, for any | > 1,

l
pEttvp =N " pivm=Yp, vivi=mP 4+ DEVO D,P

m=1
-1

= 3 DEVO) (VR + VOT™P 4 R+ VO P)
m=1

+ DEVU=YD,, VP + DIV D, P.

As before, every term in the first sum vanishes by the induction hypothesis, while
the final term vanishes because D;P = 0. Finally we can see that

DEVUID,, VP = DEVED(Rm « VP + P % S),

and because S = (VRm) o P = VR + Rm * VP, DFVU=D[D, VIP =0 at t = 0.
This completes the proof. ([l

4.2. Preservation of product structures. In the proof of Theorem 1.1, we will
use the operator F : A2°T*M — A2T*M defined by

Fw(X,Y) =w(PX,PY)—w(PX, PY).
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(See, for example, Section 2.2 of [10].) Observe that

PoFw(X,Y) = Fu(PX,PY) + Fw(PX, PY)
= w(P?X, P?Y) — w(PPX,PPY) + w(PPX,PPY) — w(P%X, P?Y)
= w(PX,PY)—w(PX,PY).

Therefore P o F = F.

Proof of Theorem 1. We have shown in Propositions 2.4 and 4.2 that the system
X, Y satisfies the first two hypotheses of Theorem 3.1. Additionally, the curvature
bounds from Proposition 2.6 imply that |X| < Ct=2. Thus, X =0 and Y =0 on
M % [0,T]. In particular, we know that R =0 and VP =0 on M x [0,T].
We claim that VP = VP = 0 and 3t]5 = §,P = 0. Similar to the proof of
Lemma 7 in [10], if we define W = VP, then
DW= [Dy,V,|P! = V,RE,,P] —V,R P’ + REWY..

pait ¢ pab

Note that the first two terms combine to give
(Ve, R(ep, ea)Pe;, Pej> —(Ve, R(ep, ea)fDei, Pej>
1 D% P % D x Dk
=3 (VepRm(Pel- A Pej)(ep, eqa) — Ve, Rm(Pe; A Pej)(ep, ea))

1 * *
= —ivepRmo}'(ei Aej)(epsea)-
But, since Po F = F,
VRmo F=VRmoPoF=8SoF =0,

so D;WJ = REW?. Thus, for any point & € M, the function f(t) = |[VP[?(x,1)
satisfies

re<cf
for some C' depending on z. Since f(0) = 0, f is identically zero. Thus P (and
similarly P) remain parallel.

Hence, we have
R(.,-, P(-),P(")) =0,
which implies that Rco P = P o Rc and Rco P = P o Rc, and thus, from (2.1),
0P = 0,P =0 on [0,T]. Theorem 1.1 follows.
([
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