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1 Introduction

We would like to use the following property of polynomials:
Let P(x) = a, + a1x + ... + a,2?, where ag, ...,a, € R(Q,Z,...). If

P(x)=0
for infinitely many z, then ay = ... = a,, = 0.
This simple property helps us solve many hard functional equation problems.
2 Basic problems
1. Find all function f : (0,00) — R such that
fx+y) = fx)+ fly) +A
f@") = f(2)"+B

for all z,y € (0,00), and A, B are real constant.

Solution
Assume that f is a function satisfying the hypothesis.
Let p € N and p > 0, then for all m € Z*, we have

f(mp) =mf(p)+ (m—1)A
Now for all z > 0 and m € Z*, from 1 we have

f((x+mp)") = f(x +mp)" + B



k=0
=3 () mrsay et + (3
fla+mp)* = () + m(F) + A)" + B

Case 1: A#0.
The coefficient of m" ! in f((z + pm)™) is np" ' f(z) + np" 1 A.
The coefficient of m"™ in f(x +mp)™ is n(f(p) + A" f(x).
Therefore,

np" L f (@) +np" A =n(f(p) + A" f (=)
or

(flp)+ A" =p" D f(x)=p" A

Because A # 0, we have f(z) is a constant function, hence f(z) = —A and
A= (—A)y+B.
Case 2: A = 0. The coefficient of m"~% in f((z +mp)") is (5)p" 2 f(?).
The coefficient of m"~2 in f(z +mp)" is (3) f(p)" 2 f(2)*.
Thus

P = F) ()

So for all z > a

where ¢ = (£&)n-2,

f is also additive, so f = ax .
If a # 0 then B=A=0and f(z) = ax with a" = a.

2. Let a > 0, A, B € R. Find all function f : (a,00) — R such that
flaty)=flx)+ fly) + A
f(a") = f(x)"+ B

Solution Similar to Problem 1, just fix p € N and p > a. Then we have
2 cases:
Case 1: A # 0 then the only solution is a constant function.
Case 2: A = 0 then we will have f(z?) = cf(x)* where c is a constant for all
x > a. This implies f(x) > 0 for all z > a? or f(x < 0) for all z > a?.
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Fix b > a® then f(rb) = rf(b) for all a—; <reQ.

If ¢ > 0 then f(z) >0 for all z > a?.

For x > a, let x = ub.

Pick a sequence {uy}x—1,2 . of rational numbers increasing to v with ub > a.
Fix k and choose M;, € large enough such that Mj(u — uz)b > a* then

Mi(f (ub) — f(uxb)) = f(My(u — up)b) = 0

So f(x) = f(ub) > f(urb) = uyf(b)

Taking the limit we get f(z) > uf(b).

Similarly, by picking a sequence of rational numbers decreasing to u, we have
f(z) <uf(b).

Therefore, f(z) =uf(b) = @m for all z > a.

So f(x) = ax for some «a € R.
This forces B = 0 and " = « If ¢ < 0, we also get f(z) = [z for some
B eR.

3.Let a >0, ne Z n>1 AB € R, A > 0. Find all function
f : (a,00) = R such that

flz+y) — f(z) — f(y) = constant
f(Az™) = Bf(z)" + constant

Solution Let f(x +y) — f(z) — f(y) = a and f(Az") — Bf(z)" = [ with
a € R and S € R.
Fix p € and p > a. Then again, for all m € Z*, we have

Bf(x+mp)" = B(f(x) + mf(p) + ma)" = B(f(x) + mb)"

and
= (Z) (mp)" f(Az™ %) +m"p" ! f(Ap)+

Comparing the coefficients of m™, we have

Bb" = p"~' f(Ap)
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n—1

Comparing the coefficients of m"~", we have

0" Bf(x) = p" " (f(Az) + a)

n—2

Comparing the coefficients of m"~*, we have

BB () = p R f(A%) + "
If b= f(p) + a =0, then
P f(A2?) + @) =0

for all x > a, thus f(z) = —a for all z > Aa® = > a.
Now fix y > a, then pick x large enough, we will have

flx+y)=—a

and f(z) = —a hence f(y) = —« Therefore f(z) = —a for all z > a.
So —a = B(—a)" + .
If b= f(p) + o # 0, then

P f(Ap) = BY' # 0

hence f(Ap) # 0.
We have

P f(Ap) f(x) = BY" f(x) = bp" ' (f(Ax) + )
Hence f(Ap)f(x) = f(Ax) + o Now again, for all y > a then
[l +my) = f(x) +m(f(y) + )
f(A(z +my)) = f(Az) +m(f(Ay) + @)
Therefore, we have

F(Ap)(f (@) +m(f(y) + ) = f(Ax) + m(f(Ay) + @) +

This holds for every m € Z™, so

f(Ap)(f(y) + a) = f(Ay) + @

But
f(Ap)f(y) = f(Ay) + a

SO

f(Ap)a =0
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Because f(Ap) # 0, we have a = 0.
Therefore

b,
f(Az?) = B(;)" fla)?
for all z > a.
This shows that f(z) =0 for all z > a or f(x) <0 forall z > aor f(z) >0
for all z > a.

By similar argument to the previous problem, we have f(x) = cx for some
real constant c.

4. Let a > 0, m,n €*. Find all function f : (a,00) — R such that
flz+y) = flz)+ fy)

for all x € (a,00).

Solution

Let £k = n+m Let f be a function satisfying the problem. Fix p € and p > a.
For all r €*, we have

f(rp) =7£(p)

Now

Regard f((z + rpk)¥) as a polynomial in r, then the coefficient of r*~1! is
kpt1f ()

(@ + 7o) f((x + 0)") = <Z () <rp>ix“><§ (7 )omsany om0

Regard (z + rp)”f((x + rp)™) as a polynomial in 7, then the coefficient of
prtmel = ph=lis pP=tm f(z) + p*2na f(p). Now from

f((@+rp)*) = (@ +rp)" f((x+rp)™)

for all r €*, we must have

kp* ' f(z) = p* " 'mf (x) + p"Pnaf(p)

for all > a. So f(x) = cx for all z > a and ¢ is a constant.



5. Let a > 0, m,n €*, find all function f : (a,00) — R such that
fle+y) = flx)+ fy)
fla™™m) =" f(a)™

for all z € (a, ).

Solution

Let k =m +n.

Similar the Problem 2, just fix p > a and p €*. Regard f((z + rpk)*) as a
polynomial in 7, then the coefficient of r*~1 is kp*~! f(z).

Regard (z + rp)"f((x + rp))™ as a polynomial in 7, then the coefficient of
prtm=l = pk=Lis pn f(p)™tmf(z) + p"'nx f(p)". So we have

(m+n)p™ " () =mp" f(p)™ " flx) + np" f(p)

(m+n)p™ f(x) = pmf(p)™ ' f(z) +nf(p)z
p((m+n)p™ ' —mf(p)™ ") f(z) =nf(p)"z

If f(p) =0 then f(x) =0 for all x > a.

If f(p) # 0 then we have f(z) = cx for all x > a and some constant ¢ € R
satisfying ¢ = ™.

So f(x) =0or f(x) = cx with ¢! = 1.

6. Let a >0, m,n €*,A >0, B € R, find all function f : (a,00) — R such
that

f(x +y) — f(z) — f(y) = constant

and
f(Az"™) — Bz" f(x™) = constant

for all z,y > a.
Solution Solution uses the same method.

7. Let p,g € Z", a > 0. A, B € R. Find all function f : (a,00) — R such
that

fle+y) =fl@)+fly)+A
flary = L

x4

+ B



for all x,y > a.
Solution Let D = (a, o0).
As before, fix r > a, r €.
We have f(mr) =mf(r) for all m € Z*.
We have
f(@)P™ = 27 f(a”) — Ba*

For all m € Z* then
flx+mr)=f(x)+m(f(r)+A) = f(x) +mb
with b = f(r) + A.

Thus
p+q
Sl mryt = (f(o) + mby =3 (7 ) sy

as a polynomial in m, then the coefficient of mP™41 is (p + ¢)b?*7~! f(x) On
the other hand,

k=0 k
=2 Ym0 4 e > (1) tmr)* = 1)

2\ k
+Z§_§ (Z) (mr) — 1)A)

As a polynomial in m, the coefficient of mPT4=1 is
ripr? 7t (f () + A) + qur” T (r)
So we have
(p+ @) (f(r) + AT f(z) = prot 7Y (f(z) + A) + qur? 172 f(r)

Thus



where a = (p + q)(A + f(r))PT4~ 1 — prPta=1 and 8 = qzrPT2f(r).

If 3r €,7 > a with f(r) # 0 then we have f(x) = cx for all > a for some
real constant ¢, this forces A = B = 0.

If f(r) =0 for all r € with r > a, then we have

a=(p+q)APTe!

and
=0
so (p+q) APt f(z) =0 for all z > a. If A # 0 then f(z) =0 for all z > q,
so B = 0.
If A =0 then we have

flx+y) = f(x)+ f(y)

for all z,y > a.
then

Thus

So we have

for all x > a. The right hand side if a polynomial in m, so the leading coef-
ficient is 0, hence 7 (pfl)rp_lf(aj) =0, hence f(z) =0.

In conclusion, we have the following cases

Case 1: f(z) = cz for some constant ¢ € R, this forces A = B = 0.

Case 2: f(x) = c for some constant ¢ € R, this forces ¢ = B = 0 and hence

A=0.



8. Let a >0, m,n €*,A >0, B € R, find all function f : (a,00) — R such
that

f(x + y) - f(x) - f(y) = constant

and
f (xm-l—n)

xm

f(Az™) — B

= constant

for all z,y > a.

3 Some applications

9. (Romanian 2009) Find all function f : R — R such that

@+ %) =af@®) +yf ()

for all z,y € R.
This is a special case of the following problem.

10. Let a > 0, m,n € Z*. Find all function f : (a,00) — R such that
f@™m 4yt = 2" f(2™) + Y f(y™)

11. (China TST ??) Let n € Z, n > 1. Find all function f : R — R such
that

fE"+ f(y)) = f@)" +y
for all z,y € R.

12. Let a > 0, A € R, n € Z and n > 2. Find all function f : (a,00) —
(a — a", o0) such that

fE"+f(y) = f@)" +y+ A

13. Let a > 0, m,n € Z*, A € R. Find all function f : (a,00) = (a—a", )
such that
@™+ fy) =a"fa™) +y+ A

14. Let a > 0, myn € ZT. S ={n €: s > a}. Find all function f: S — R
such that



15. Let a >0, m,n € ZT. S ={n €: s > a}. Find all function f: S — R
such that

J@™ 4 fy) = 2"f(2™) +y
16. Let a > 0, m,n € Z*. Find all function f : (a,00) — R such that

xrm ym om

@™ +y™ +2m) =

17. Let a > 0, m,n € Z*. S ={n €: s > a}. Find all function f: S — Z*
such that N
famm)

f@"+ fy) = T
18. Let m,n € Z*. Find all function f : (0,00) — R such that

PRI U B (0 B U B L0

xrm ym Z_m) - xn+m yn+m Zn+m

19. Let p,q,r € Z* and a € R*. Find all function f : (a,00) — R such

that p+q qtr T+p
fapt Jw)er )
x4 yT zP

f@?+y'+27) =

Solution Assume that f is such a function. Fix b > a.
Then let y = z = b, we have

f(x)p-i-q A

x4

f?+Ay) =

where Ay = b7+ 0" and A = f(bgf” 1 f(blz;”‘

Similarly, let By = b" + 0P, C; = b + b2 and B = U f(b)p+q, C =

+ + bp ba
f)PTe  fO)IT
ba + br

. Then we have

Fy?+ By) = f(zlq+r B
f(ZT + Cl) _ f(i)pTer Lo

So we have
f@+yt+2") = fa? + A) + f(y* + Bi) + f(z"+ C1) + D

where D = —A — B — C for all z,y,z > a.
Let T' > a”,a%, a” then

flety+z2)=fle+A)+ fly+ Bi) + f(z + Ch)
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for all z,y,z > T.
Fix z > T, then for all x > T + Al and y > T, we have

fx+AD+f(y+B)+f(2+C)) = f(rt+y+z) = f(x—Al+y+A1+2) = f(2)+f(y+A1+B1)+f(2+(

Therefore

flx) = fle— A1) = fly+ Ar+ By) — fly + By)

forall z > Ay + T and y > T. So for all z,y > T + A;,T + By then
fle+A)— f(z) = fly+ A1) — f(y) so for all x > T + Ay then f(x+ Ay) =
f(x) 4+ Dy for some C; € R.

Now fix a € R with a > T+ A, T+ By, T+ (4,1 then by a similar argument
as above, we have for all y, 2z > « then

fly+B1) = f(y) + D

f(z+C1) = f(2)+ Ds

for some real constant Dy, Ds.
Then we will have

fla+y+z2)=fx)+ fly) + f(z) + E

forall z,y,z2 >a and £ =D + D, + Dy + Ds.
Also, for @ > 1 then if z > « then zPa, hence

f@? + Ay) = f(a?) + D

Therefore,
flz)rra

x4

f@) = EO— 4+ F

Now we go back to a basic problem: find all function f : (o, 00) — R such
that
flety+2)=f)+fy) + f(z) + B
and
flz)rta

x4

fan =12
Now replace z by z +t in f(x 4+ y + 2 + t) we have

faty+z+t)=fla+y)+fE+IO+E=f@)+fW)+fz+0)+E
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for all z,y, z,t > a.
Therefore

flety) = fl@) = fly) = fz+1) = f(z) = f(D)

for all z,y, z,t > a.
SO

flx+y) = flz) - fly) =G

for all z,y > o and G is a real constant.
Then we have

flz+y) — f(z) — f(y) = constant

and flz)rte
x
Py _ _
f(zP) e constant
for all z,y > . So the only possible functions are
f(x) = cx

for some ¢ € R.
Plug in the original equation

+ +r r+

PRSP AL 1) a1
x4 yr zP

we have cz? + cy? + cz" = Pl + Tyl 4 P27 for all z,y, 2 > a.

Hence ¢ = P19 = 417 = P,

Ifc#0then ® =c?=c" =150c=1.

So the only possible functions are f(z) =0 for all x > a or f(z) = x for all

x> a.

20. Let p,q,r € Z" and a € R*, A € R. Find all function f : (a,00) - R
such that

fapt | fwrr | e
x4 yT 2P

+A

fa iyt ") =

Solution Solve this problem in the same way as the previous problem, then
If A # 0, there is no function.
If A=0then f(x) =0 for all z > a or f(z) = for all z > a.

12



21. Let A,B,C € Z*, a,b,c,u € R", a,p,q,r € R. Find all function
f: (u,00) — R such that

flaz? +by” + c2) = pf(a)* + ¢f )" +rf(2)" + o

Solution As before, just fix some v > u. Then let x = y = 2z = v respectively,
we will have for all x,y, 2 > u then

flaz® + Dy) = pf(x)* + Ey

F(by® + Dy) = qf (y)” + E;
f(cz® + Ds) = rf(2)° + Es

where Dy, Dy, D3 > 0 and Fs, F», E3 € R.
so from the original equation, we will have

flaz® + by + c2%) = flaz™ + Dy) + f(ba® + Do) + f(cx® + Ds) + E,

where E; = —E; — Ey — E3 ( the values of E; does not matter much).
Just take w > 0 large enough then from the above equation, we have

fl@+y+z)=fle+ D)+ fly+ Ds) + f(2 + Ds)

for all z,y, z > w.
Now using the standard trick by writing

r+y+z+Di=z+(y+ D) +=z
=(z+D1)+y

we have
f@+D1)+ f(y+Di+ Do)+ f(2+D3) = f(x+2D1)+ f(y+ Do) + f(2+ Ds)

for all z,y,z > w.
Hence

flx+2D1) — f(x+ D1) = f(y+ D1+ Do) — f(y+ Do)

for all x,y > w.
Now just replace w by

’U}1:U)+D1+D2+D2

, then
f(x+D1) — f(x) = fly+ D1) — f(y)
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for all =,y > ws.
Therefore,
f(x + D) — f(x) = constant

for all x > w;.
Similarly,

f(y+ Ds) — f(y) = constant
f(z+ D3) — f(z) = constant

for all y, z > wy.
Thus

flat+ty+z)=f(x)+fly)+f(z) + E

for all z,y, 2 > w; and F is a real constant.
Now just replace z = x1 + y; for x1,y; > w; then

fla+y+ai+u)=f@)+ fly) + flzr+y)) + E
= flx+y)+ f(x1) + fly) + E

for all z,y, x1,y1 > ws.
Therefore,

f(x + ?/) - f(x) - f(y) = constant

for all z,y > w;.
Now be enlarging w;, we will have az?* > w, for all > w;, thus we will have

flaz® + D1) = f(az™) + constant

for all x > w;y.
Therefore,
f(az?) = pf(x)* 4 constant

We go back a basic problem: Let a,u > 0, A € Z*, p € R. Find all function
f: (u,00) — R such that

f(x+y)— f(z) — f(y) = constant

and
faz®) = pf(z)* 4 constant

22. Let p,q,r € Z* and a,A,B,C € R*, and Ay, By, Coa € R. Find all
function f : (a,00) — R such that

f(Az? + By + C2") = A1 f(x)P + Bif(y)? + C1 f(2)" + «
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for all z,y, z > a.
Special case:
1,Find all function f : (2019, c0) — R such that

f@®+2y° +327) = f(2)° = 2f(y)” + 3f(2)
23. Let p,q,r € Z* and a, A, B,C € R*, and Ay, By, Coa € R. Find all
function f : (a,00) — R such that
f(Az? + By? — C2") = Ay f(2)" + Bif(y)* + C1f(2)" +

for all z,y, z > a such that AzBy? — C2" > a
Solution Just fix z5 > a, and we can assume that x,y > M > a where M is
large enough.

We will have
f(A2P +ay) = Ay f(z)? + by
f(By? + az) = B1f(y)? + bs

then we will have f(z +y — Cz) = f(x + a1) + f(y + b1) + D with D is a
constant ( notice that 2y is a constant).
Then by the usual trick, write z+y ascx+y=z—a;+y+a;, = x+b+y—0by
then we will have

f(x + a1) = f(x) + constant

and
fy+b1) = f(y) + constant

So then we have
flx+y—FE)= f(z) + f(y) + constant

Replace by x + E and y by y + E respectively, we will have
fle+E)+ fly) = f(z) + fly + E)

hence
flz+ E) = f(x) + constant

Therefore, we again have
flx+y) = f(z) + f(y) + constant

and
f(AxP) = Ay f(x)P + constant

From our basic problem, the only possible solution is f(x) = ax for some
a e R
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24. Find all function f : (2019, 00) — R such that
F5 — 3yt 1 45%) = 2/ (2)° — 3f(y)" + 41 (=)

for all z,y, z > 2019 and 223 — 3y* + 49° > 20109.
Solution Just fix y = a > 2019 then we have

f223 +42° — A) = 2f (2)3 + 4f(2)° — B
for all =,y > b with b large enough, then
f(22® + constant) = 2f(2®) + constant

and
f(42° + constant) = 4f(2)® + constant

Hence
f(22% +42° — A) = f(22° + constant) + f(4z° + constant) + constant
So we go back to a basis problem:
fle+2—A)=flz+B)+ f(z+C)+D

and
f(22° + B) =2f(2) + E

where A, B, C, D, E are constant.
just replace z by z + A, we have

flx+2)=f(z+B)+ f(z+4A+C)+ D
so we only have to look at
flz+2)=f(z+B)+ f(z+C)+ D

and
f(22° + B) =2f(z)* + E

Using the usual trick,
f&)+ f(z+B+C)+D=f(x—B+z+B)=f(zr+B)+ f(z+C)+ D

hence

fle+B)—f(z)=f(z+B+C)— f(z+C)
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S0
f(z + B) — f(z) = constant

hence
f(22® + B) = f(22*) + constant

Similar

f(z+ C) — f(2) = constant

This show that
flz+2) = f(z) + f(2) + constant

and
f(22%) = 2f(z)* + constant
Thus
flz)=cx+d
SO

c(22%) + d = 2(cz + d)® + constant
¢ = 0 then f(x) is a constant function and

d = 2d° — 3d* + 4d°

¢ # 0 then comparing the coefficients of 2% forces d = 0 and ¢ = £1.

Plug in the original equation, we get ¢ = 1,50 f(z) = x or f(x) = constant
for x large enough.

Now just fix x > 2019, and pick y, z large enough then 223 — 3y* + 425 is
large enough, hence we can compute

2f(x)* = f(22% = 3y* +42°) + 3f(y)* — 4f(2)°

So f(x) =« for all x > 2019 or f(x) = constant for all z > 2019.

25. Find all function f : (2019, 00) — R such that
[0 — 3° + 654) = 27(2) — 3 (1)° + 6 (=)’

for all ,y, z > 2019 such that 222 — 3y3 + 62* > 2019.

Solution f(z) =z or f(z) = ¢ with ¢ =2¢* = 3¢® + 6¢* soc=0or ¢ =}
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26. Find all function f, g : (2019, 00) — R such that
f(22* =3y +62") = 2 (2)* + g(y) + 62f(2)°
Solution Just fix y and use the usual method, we will get f(z) = = or
f() = 0.
Then g(y) = —3y°.
27. Find all function f, ¢ : (2019, 00) — R such that
f(22* = 3y* +62") = g(x) + h(y) + 62 (2)°

Solution
Fix y = a > 2019.Then we go back to our basis problem

f(22? +62* — A) = g(x) + 62f(2)° + B
where A, B are constant. So fix ,z = b 2b®> — A, 6b* — A > 2019, 4, then

g(x) = f(22* + 6b* — A) — 6bf(b)* — B

and
62f(2)* = f(62* +2b> — A) — g(b) — B
Then now
fr2 462" —A) = f(22° +O) + f(6z* + D) + E
and

f(62*+ D) =62f(2)> + F

This forces f is a linear function on x. Hence we can compute value of g, h.
28. Let P is a polynomial with real coefficients. Find all function f,g :
(2019, 00) — R such that
f(2a® + P(y) +62%) = 2f(2)* + g(y) + 62f(2)°

for all z,y, 2 > 2019 such that 222 + 62* + P(y) > 2019.
Solution Just fix y as usual, then we have f(x) =0 or f(x) = . Therefore

9(y) = P(y).
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29. Find all function f, g : (2019, 00) — R such that

f@w’—g%;2~+6f)=2f@0”+g@)+6Zf@f

for all z,y, z > 2019 such that 222 + 62* — 2 > 2019,

30. Find all function f : (2019, c0) — R such that

fet fw)E | )
24+1 3 +1 0 A4

Fla® — g+ %) =
31. Find all function f : (2018, 00) — R such that

fl@)t | f)° | f)°
/ (x2—|—y3+z4):x2(i)1 y?’(i)l z4(i> I

32. Find all function f : (2019,00) — R such that

5 5 5 5
f@® 4y 4+ 2 3u’) = 52(?1 +;2(?—Ji-)1 * zJ;(j—)l 352@1

33. Find all a € R such that there exists a function f : (2019, 00) — R*

such that
?+a yY*+a 2*+a

+ +
fl@) — fly)  f(2)
Solution Assume a € R and f : (2019, 00) — R such that

=1

@+ + 2°)(

??+a y*+a 22+a

@ i e Tt

[+ 9%+ 2)(

then for all z,y, 2 > 2019.

Let g(z) = ﬁ, then we have

9(@® +y° +2°) = (2® + a)g(z) + (¥ + a)g(y) + (z° + a)g(2)

This equation is familiar and we know that g(z) is a linear function on =z,
hence g(z) = cx + d with ¢,d € R.
Then a = 0 and hence g(x) = cx, so f(z) = = with ¢ # 0.
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34. Find all a,b € R such that there exists a function f : (2019, 00) — R*
such that

2 +ar+1 yYH+ar+1 22+ar+1
f(z) f(y) f(2)

Solution Let g(x) = ﬁ then g is linear function on z hence g(x) = ax + f.
Plug in we have

f@® +y° + 2% ) =1

a(@® +y* +2°)+ 8= (2% + ax + b)(ax + )

Comparing the coefficients of 22 forces a = 0, and comparing the coefficients
of x forces b = 0.
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